Abstract We prove a Kastler-Kalau-Walze type theorem for the Dirac operator and the signature operator for 3, 4-dimensional manifolds with boundary. As a corollary, we give two kinds of operator theoretic explanations of the gravitational action in the case of 4-dimensional manifolds with flat boundary.
Introduction
The noncommutative residue found in [Gu] and [Wo] plays a prominent role in noncommutative geometry. In [C1] ,Connes used the noncommutative residue to derive a conformal 4-dimensional Polyakov action analogy. In [C2] , Connes proved that the noncommutative residue on a compact manifold M coincided with the Dixmier's trace on pseudodifferential operators of order −dimM . Several years ago, Connes made a challenging observation that the noncommutative residue of the square of the inverse of the Dirac operator was proportional to the Einstein-Hilbert action, which we call the Kastler-Kalau-Walze theorem. In [K] , Kastler gave a brute-force proof of this theorem. In [KW] , Kalau and Walze proved this theorem in the normal coordinates system simultaneously. In [A] , Ackermann gave a note on a new proof of this theorem by means of the heat kernel expansion.
On the other hand, Fedosov et al defined a noncommutative residue on Boutet de Monvel's algebra and proved that it was a unique continuous trace in [FGLS] . In [S] , Schrohe gave the relation between the Dixmier trace and the noncommutative residue for manifolds with boundary. In [Wa1] and [Wa2] , we generalized some results in [C1] and [U] to the case of manifolds with boundary . In [H] , the gravitational action for manifolds with boundary was worked out (also see [B] ). The motivation of this paper is to give an operator theoretic explanation of the gravitational action for manifolds with boundary and prove a Kastler-Kalau-Walze type theorem for manifolds with boundary.
Let us recall the Kastler-Kalau-Walze theorem in [K] , [KW] , [A] . Let M be a 4-dimensional oriented spin manifold (it holds for any even dimensional manifolds) and D be the associated Dirac operator on the spinor bundle S(T M ). Let s be the scalar curvature and Wres denote the noncommutative residue (see [Wo] , [FGV] ). Then the Kastler-Kalau-Walze theorem gives a spectral explanation of the gravitational action, it says that there exists a constant c 0 , such that Here Wres denotes the noncommutative residue for manifolds with boundary of [FGLS] and π + D −1 is an element in Boutet de Monvel's algebra (see [Wa1] , Section 3). By definitions of Boutet de Monvel's algebra (see [S,p.11] or [Wa1, , it is significant to consider
which doesn't depend on the extension M . By the composition formula in Boutet de Monvel's algebra and the definition of Wres (see (2.4) and (2.6) in [Wa1] ), Wres[(
is the sum of two terms one corresponding to interior and the other corresponding to boundary of M . It is well known that (see [H] ) that the gravitational action for manifolds with boundary is also the sum of two terms from interior and boundary of M . So it is natural to hope to get the gravitational action for manifolds with boundary by computing Wres[(π + D −1 ) 2 ] . For simplicity, we assume that the metric g M on M has the following form near the boundary, 
In Section 3, we compute Wres[(π + D −1 ) 2 ] for 4-dimensional oriented Riemannian manifolds with boundary and the associated signature operator. Two kinds of operator theoretic explanations of the gravitational action for boundary in the case of 4-dimensional manifolds with boundary will be given in Section 4. In Section 5, We compute Wres[(π + D −1 ) 2 ] for 3-dimensional spin manifolds with boundary. In Appendix, the proof of two facts in Section 2 will be given.
The Dirac operator case
In this section, we compute Wres[(π + D −1 ) 2 ] by the brute force way in [K] and the normal coordinates way in [KW] .
Let M be a n-dimensional compact oriented spin manifold with boundary ∂M and the metric g M in (1.2). Let n = 4, but our some computations is correct for the general n. Let U ⊂ M be a collar neighborhood of ∂M which is diffeomorphic to ∂M × [0, 1). By the definition of C ∞ ([0, 1)) and h > 0, there exists h ∈ C ∞ ((−ε, 1)) such that h| [0,1) = h and h > 0 for some sufficiently small ε > 0. Then there exists a metric
such that g| M = g. We fix a metric g on the M such that g| M = g. We can get the spin structure on M by extending the spin structure on M. Let D be the Dirac operator associated to g on the spinors bundle S(T M ). We want to compute Wres[(π + D −1 ) 2 ] (for the related definitions, see [Wa1] , Section 2, 3). Let S (S ′ ) be the unit sphere about ξ (ξ ′ ) and σ(ξ) (σ(ξ ′ )) be the corresponding canonical n − 1 (n − 2) volume form. Denote by σ l (A) the l-order symbol of an operator A. By (2.4) and (2.6) in [Wa1] , we get
2) where b −4 is the (−4)-order symbol of L(D −1 , D −1 ) which is called leftover term. By the formula (3.14) and (3.15) in [Wa1] and π ′ ξn adding degree 1 of the symbol and the ++ parts vanishing after integration with respect to ξ n (see [FGLS] p. 23), then we have
3) where a = σ(D −1 ) and π ′ ξn and a + = π + ξn a defined by (2.1) and (2.2) in [Wa1] . By the formula of p.740 line 2 in [Wa1] , we get
where the sum is taken over
has the same expression as σ −4 (D −2 ) in the case of manifolds without boundary, so locally we can use the computations in [K] , [KW] , [A] , then we have
where
) . So we only need to compute ∂M Φ. Firstly, we compute the symbol σ(D −1 ) of D −1 . Recall the definition of the Dirac operator D (see [BGV] , [Y] ). Let ∇ L denote the Levi-civita connection about g M . In the local coordinates {x i ; 1 ≤ i ≤ n} and the fixed orthonormal frame { e 1 , · · · , e n }, the connection matrix (ω s,t ) is defined by
c( e i ) denotes the Clifford action. The Dirac operator
So we get,
where ξ = n i=1 ξ i dx i denotes the cotangent vector. Write
By the composition formula of psudodifferential operators, then we have
Thus, we get:
By (2.9), (2.11) and direct computations, we have Lemma 2.1
(2.12) Since Φ is a global form on ∂M , so for any fixed point x 0 ∈ ∂M , we can choose the normal coordinates U of x 0 in ∂M (not in M ) and compute Φ(x 0 ) in the coordinates
and
(2.14)
Let n = 4 and {e 1 , · · · , e n−1 } be an orthonormal frame field in U about g ∂M which is parallel along geodesics and e i (x 0 ) =
In the following, since the global form Φ is independent of the choice of the local frame, so we can compute tr c( e i ) = 0 in the above frame.
∂M (x ′ )ξ l ξ m + ξ 2 n )(x 0 ) and (2.14), then (2.16) is correct. By Lemma A.1 in Appendix, (2.17) is correct.
2 In order to compute p 0 (x 0 ), we need to compute ω s,t ( e i )(x 0 ).
Proof. This comes from (2.9), Lemma 2.3 and the relation c( e i )c( e j ) + c( e j )c( e i ) = −2δ i.j .
2 Now we can compute Φ, since the sum is taken over −r−l+k+j +|α| = −3, r, l ≤ −1, then we have the following five cases:
By Lemma 2.2, for i < n, then
By (2.5), we get 
By (2.1) in [Wa1] and the Cauchy integral formula, then
Similarly,
By (2.20), (2.21), (2.22), then
(2.23) By the relation of the Clifford action and trAB = trBA, then we have the equalities:
By (2.24) and direct computations ,we have
(2.25)
Similarly, we have
(2.26)
By (2.19), (2.23), (2.25), (2.26), then
By (2.5), we get
By Lemma 2.2, we have
(2.28)
Similarly to (2.25), (2.26), we have
(2.31) So we get case a) III)=
Similarly to (2.21), we have
By (2.37), (2.38), we have
(2.39)
Note that
By (2.24), (2.38), (2.40), Lemma 2.4 and tr(AB) = tr(BA), considering for i < n
(2.41) By (2.34), (2.39) and (2.41), we have
By (2.5), we get case c) = −i 
So case c) = − 9 8 πh ′ (0)Ω 3 dx ′ . Now Φ is the sum of the cases a), b) and c), so is zero. Then we get Theorem 2.5 Let M be a 4-dimensional compact spin manifold with the boundary ∂M and the metric g M as above and D be the Dirac operator on M , then
Remark 2.6 Since (2.4) is correct for any dimensional manifolds with boundary, we conjecture that Theorem 2.5 is also correct for any even dimensional manifolds with boundary. But our computations way maybe isn't valid for general even dimensional manifolds with boundary. When the dimension becomes larger and larger, the terms which we need to compute becomes more and more. Maybe the way in [GS] is valid for any even dimensional manifolds with boundary.
The signature operator case
Let M be a 4-dimensional compact oriented Riemannian manifold with boundary ∂M and the metric in Section 2.
is the signature operator. Take the coordinates and the orthonormal frame as in Section 2. Let ǫ( e j * ), ι( e j * ) be the exterior and interior multiplications respectively. Write c( e j ) = ǫ( e j * ) − ι( e j * );c( e j ) = ǫ( e j * ) + ι( e j * ).
(3.1)
We'll compute tr ∧ * (T * M ) in the frame
, we have
(3.3) Lemmas 2.1-2.3 are also correct, by Lemma 2.3, then
For the signature operator case,
By Theorem 4.3 in [U] , then
ι(e i * ) − ι(e i * )ǫ(e i * )][ǫ(e n * )ι(e n * ) − ι(e n * )ǫ(e n * )]} = a n,m < e i * , e n * > 2 +b n,m |e i * | 2 |e n * | 2 = b n,m , (3.7)
By (3.4), (3.5), (3.6) and (3.8), then Φ sig = 4Φ Dirac = 0. So we get Theorem 3.1 Let M be a 4-dimensional compact oriented Riemaniann manifold with the boundary ∂M and the metric g M as above and D be the signature operator on M , then
4 The gravitational action for 4-dimensional manifolds with boundary
Firstly, we recall the Einstein-Hilbert action for manifolds with boundary (see [H] or [B] ),
and K i,j is the second fundamental form, or extrinsic curvature. Take the metric in Section 2, then by Lemma A.2,
, when i = j < n, otherwise is zero. For n = 4, then
Let M be 4-dimensional manifolds with boundary and P, P ′ be two pseudodifferential operators with transmission property (see [Wa1] or [RS] ) on M . By (2.4) in [Wa1] , we have
and L(P, P ′ ) is leftover term which represents the difference between the composition π + P • π + P ′ in Boutet de Monvel algebra and the composition P P ′ in the classical pseudodifferential operators algebra. By (2.5), we define locally
Thus they represent the difference between the composition π + P • π + P ′ in Boutet de Monvel algebra and the composition P P ′ in the classical pseudodifferential operators algebra partially and 
Theorem 4.2 Let M be a 4-dimensional compact oriented Riemaniann manifold with the boundary ∂M and the metric g M as above and D be the signature operator on M . Assume ∂M is flat, then
Remark 4.3 We take N is a flat 3-dimensional oriented Riemannian manifold and
n , where h(x n ) = 1 − x n (x n − 1) > 0 for x n ∈ [0, 1] and h(0) = h(1) = 1. The (M, g M ) satisfies conditions in Theorem 4.2. Similar construction is correct for Theorem 4.1. When ∂M is not connected, we still define the noncommutative residue with the loss of the unique property.
Remark 4.4 Considering (2.5). when the dimension increases, the degree of the derivative of h(x n ) in Φ will increase. So the theorems 4.1 and 4.2 aren't correct for any even dimensional manifolds.
Remark 4.5 The reason that the term from boundary does not appear is perhaps that we ignore boundary conditions. We hope to compute the noncommutative residue Wres[(π + D −1 ) 2 ] under certain boundary conditions to get the term from boundary in the future. Grubb and Schrohe got the noncommutative residue for manifolds with boundary through asymptotic expansions in [GS] . Another problem is to compute Wres[(π + D −1 ) 2 ] by asymptotic expansions. 
(5.2) By Lemma 2.1, then similar to (2.21), we have
(5.4)
For n = 3, we take the coordinates as in Section 2. Locally
2) and we will compute the trace under this basis. Similarly to (2.24), we have
Then by (5.3) (5.4) and (5.5), we get
By (5.2) and (5.6) and the Cauchy integral formula, we get
Here vol ∂M denotes the canonical volume form of ∂M . 
Appendix
In this appendix, we will prove some facts used in Lemma 2.2 and Lemma 2.3.
Lemma A.1 ∂ x l c(dx j )(x 0 ) = 0, when l < n; ∂ x l c(dx n ) = 0
Proof. The fundamental setup is as in Section 2. Write < ∂ xs , e i > g ∂M = H i,s , then by [Y] or [BGV] , ∂ x j H i,s (x 0 ) = 0. Define dx * j ∈ T M | U by < dx * j , v >= (dx j , v) for v ∈ T M. For j < n, c(dx j ) = c(dx * j ) = c( Let 
By (2.7), then ω st ( e i )(x 0 ) = ∂ x i ( h ts )(x 0 ) + Γ H ts , (1 ≤ t, s < n), then we have Lemma A.3 −∂ x i h ts (x 0 ) = 1 2 h ′ (0) if i = n, t = s < n. In other cases, −∂ x i h ts (x 0 ) = 0. By Lemma A.2 and A.3 , (A.4 ), then we prove Lemma 2.3.
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